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Abstract 
We study effects, on Pad6 approximants (PA), of a random noise added to coefficients of a power series. Numerical 
experiments performed uring the last 30 years have shown that such noise results in the appearance of, the so-called, 
Froissart doublets (FD) - -  pairs of zeros and poles separated by a distance of an order of a scale of the noise. For the 
first time we can prove that this effect actually takes place for geometric series. We can also show what happens with 
noise-induced poles or zeros that do not form FD. We construct a polynomial that has as its roots mean positions of FD. 
Coefficients of this polynomial are expressed by random perturbations of coefficients of the series. We study numerically 
this polynomial for low orders to show where (in these orders) FD coalesce. Numerical study of this polynomial, to see 
a behaviour of FD for large orders, is much easier than a study of the entire PA. We also express a deviation of a pole 
of PAs approximating the true pole of 1/(1 - z ) ,  from 1, by perturbations of coefficients and show numerically that when 
order of PAs increases, this deviation drops down. 
Keywords." Pad6 approximation; Noise; Froissart doublets 
AMS classification." 41A21; 65G99 
1. Introduction 
Thirty years ago, Marcel Froissart observed, in numerical experiments, a very interesting effect 
produced by a simulated complex noise on poles and zeros of Pad~ approximants (PA) [3-5]. For 
instance, it is well known that in the case of geometric series, representing the simple rational 
function f ( z )= 1/(1 - z ) ,  all PAs In -  1/n]f reduce to [0/1]f =f .  However, if the coefficients are 
* Corresponding author. 
l Institute of Theoretical Physics, Warsaw University. Visiting Professor at Toulon University. 
2 Unit6 Propre de Recherche 7061. 
0377-0427/97/$17.00 (~)1997 Elsevier Science B.V. All rights reserved 
PH S0377-0427(97)001 85-4 
200 J. Gilewicz, M. PindorlJournal of Computational nd Applied Mathematics 87 (1997) 199-214 
perturbed by random errors in such a way that instead of the geometric series we have 
oo oo 
f ( z ;e )  = ~ cizi= ~ (1 + F.ri)z i, 
i=O i=O 
(1) 
where ri's are random numbers with some distribution law and where usually we assume <<l, [n -  
1/n] do not reduce to [0/1]. Numerical experiments of Froissart have shown that in such a situation 
[n - l/n] has a pole near z = 1 and all the remaining, excess, n - 1 zeros and poles coalesce in 
the vicinity of the unit circle in pairs, now known as Froissart doublets: one pole and one zero 
separated by a distance of order e. Froissart observed also that [n/n]f PA has, except for the pole 
near z = 1 and n - 1 doublets (described above), an unstable (as n changes) zero at a distance of 
order 1/e from the origin. 
Since then, the appearance of the Froissart doublets (FD) in numerical practice with PAs indicates 
the presence of some noise. An important application of this phenomenon was also proposed: to 
purify a perturbed signal by extracting FDs from Pad6 approximants [2]. However, most of the 
observed properties of this phenomenon have not yet been proved, though it was proved in 1988 
[5], by standard probability methods that the unit circle is natural boundary, with probability 1, of 
the noise function defined as follows: 
fn°ise(Z) : k rigi" (2) 
i=O 
In the present paper we prove some properties of zeros and poles of perturbed geometric series 
and define a polynomial characterising Froissart doublets in the limit e ~ 0. A study of statistical 
properties of this polynomial can give complete information about a distribution of FDs. We do not 
undertake this task here, but show that numerical study of it, for low orders, strongly suggests the 
coalescence of FDs at the unit circle for growing orders. Most of our considerations will not depend 
on a distribution law of ri's. However, in some cases below, we shall specify it to be a uniform 
distribution between - 1 and 1: ri E ( -  1, 1 ). 
2. Zeros and poles of [n -  1/n] 
We will study positions of zeros and poles of PAs to f :  
[m/n]f(z, e) - Pmm'n(z; g) 
Qnm'n(z; g). (3) 
We begin with a well-known determinantal formula for numerator and denominator for PAs [4]. 
This formula will be, for our purposes, more convenient than fully equivalent Baker's formula [1]. 
To make understanding our arguments easier, we start with m = n -  1 and consider [n -  I/n] PA. 
For notational simplicity, we avoid superscripts and instead of p;-a,,  and Q,"-~'" we write Pn-~ 
and Q,. 
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Therefore, we have the fol lowing formulae for a denominator  and numerator  o f  [n -  1In]f: 
Q. (z ;  e) = 
1 z z 2 . . .  z n-1 z n 
C2n-1 C2n--2 . . . . . .  C n Cn-1 
Cn Cn-1 . . .  C 1 CO 
Pn_ l (Z ;~)  = 
n -1  n -2  1 
Y~Ci  z i  ~ C'Z TM • • • ~ C Z i+n-2 ~ i Co Zn-1  0 
i=0 i=0 i=0 
C2n- 1 C2n--2 . . . . . .  Cn Cn- 1 
Cn Cn-1 . . .  C 1 CO 
201 
(4) 
(5) 
Let us first study Qn(z; ~). For this end we subtract the second co lumn from the first one, the 
third one f rom the second and so on, and observing that ci - c;_1 ----- e(ri - r i _ l  ), we get 
Q.(z ;  ~) = 
1 - -  Z Z(1  - -  Z )  " ' "  zn - l (1  - -  Z )  Z n 
e(rz.-1 - r2n-2)  ~(r2.-2 - r2. -3)  "'" ~(r. - r~_l)  1 + er~-i 
e(r .  - r . _ l )  e(r ._ l  - r . -2 )  " "  e(r l  - ro) 1 + ~ro 
This can be written as 
1- -z  
/3(r2n-1 - -  r2n -2)  
Q.(z ;  ~) = "'" 
• . . 
~(rn - - r , -1 )  
z (1 -z )  -.. z " - l (1 -z )  0 
e( r2n-2 -  r2.-3) " '"  e ( r . -  r~_l) 1 
. . . . . .  
e(r ._ l  - rn-2) " '"  e(rl - ro) 1 
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+ 
= (1 - z )  
-~- 8 n 
1- -z  
~,( r2n- -  1 - -  r 2 n - - 2 )  
. . .  
e(r. - r.-1) 
1 
~(r2.-a - r2.-z) 
, ° ,  
e(r. - r ._ l )  
1- -z  
r2n_ 1 -- r2n_ 2 
. . .  
rn - - rn - i  
z(1 - z) . . .  
e( r2 . -2 - r~. -3 )  . - -  
. , o  
• . °  
e( r . _ l  - rn-2)  "'" 
Z 
g( r2n-2  - -  ? '2 . -3 )  
e( r . _ l  - r._2) 
z(1 - z)  . . .  
r2n_  2 - -  r2n_  3 • . . 
, , ,  
, . •  
rn -1  - -  rn -2  " ' '  
z"-l(1 - z )  z" 
e( r .  - rn_ l )  8rn_ 1 
~(rl - ro) ero 
• , • zn  -1  
• . .  e ( r . - r . _ l )  
, . •  
• . . 
• "" e ( r l  - ro)  
z"-l(1 - z )  z" 
rn - r . _ l  rn - l  
ra - ro ro 
0 
1 
1 
1 
and finally we have 
Q.(z ;  e) =/3" -1 (1  - z )K . - I (Z )  -1- ~,nOn(Z), (6) 
where K,_ l ( z )  is defined as 
K._ , ( z )  = 
1 z • • • z n -1  
d2n-1 d2n-2 ' ' '  d,  
d,+l dn . . .  dE 
(7) 
with d; = ri - 2ri_~ + ri_2. 
We can proceed in a similar manner with P,_~(z), though necessary transformations of  determi- 
nants need marginally more effort. 
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P.- l (z;  5) = 
n--1 
1 + ero + ey~(r i  - r i _ l )g  i 
i=1 
e(r=._l - r2n-2) 
• o ,  
~(r. - r ._ , )  
(1 + t~ro)g  n -2  + g( r l  - ro)z " - l  
• o •  
° ° •  
, • °  
o ° o  
which can, again, be split as 
P.- l (z ;  5) 
= (1 + ero) 
_.[_ ~n 
1 
e( r2n_  1 - -  r2n_2)  
. , ,  
• ° . 
e(rn -- rn-1 ) 
n--I 
Z (ri -- ri--1 )Zi 
i=1 
r2n- - I  - -  r2n-2  
. o .  
r. --rn-1 
n--2 
(1 + ero)z ÷ e y~(r  i -- r i _ l ) z  i+1 - - -  
i=1 
(1 + ero)z n-1 0 
e(rn -- r._a) 1 + er~_l 
g( r l  - -  ro )  1 + ero 
Z • • • Z n- I  0 
g( r2n- -2  - - r2n- -3 )  " ' "  e(r. - -m- l )  1 + er . _ l  
e(rn_l -- rn -2 )  " ' "  e(rl -- ro) 1 + ero 
n--2 
zi+ Z (ri - -  r i -1 ' ' "  ( r l  - -  ro)z  n- I  0 0 
i=1 
T2n_  2 - -  /"2,.1_ 3 • • " rn+ 1 - -  T n r n - -  rn_  1 1 ~-  e rn_  l 
. . . . . . . .  , . . . . .  , 
rn-1 -- rn-2 • "" ?'2 -- rl  rl - ro 1 + ero 
Now we easily see that 
P~_l(z; e) = en-l K~_l (Z ) + e~P~_l(z ) -t- gn+l ~n-l(Z ), (8) 
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and finally 
Kn- I (Z )  -[- /~Pn-I(Z) "~- 82/~n-l(Z) 
[n - 1/n]f(z; e) = (1 - -  Z)Kn_I(Z ) -~- 130n(Z ) (9) 
This formula contains actually all we need. We see that, as one would expect, for ~ ~ 0, [n -  
1/n]f(z;e)---~ 1/(1 - z ) ;  however, we also see that coefficients of numerator differ only of order 
from those of K._l(z), while coefficients of the denominator differ of order e from those of 
(1 -- z )Kn- l (Z ) .  
The considerations above can be summarized as: 
Theorem 1. Denominator of  [n -  l/n] PA to the series (1) has one zero at a distance of  order 
from 1 and n -  1 zeros at distances of  order ~ from zeros of  Kn_l(Z), while its numerator has n - 1 
zeros at distances of  order e from zeros of  K,_l(z). 
3. Froissart doublets 
We see that when e ~ 0, zeros and poles that form Froissart doublets converge to zeros of Kn-l(x) 
and, therefore, we give the latter a name Froissart polynomial. Coefficients of the polynomial are de- 
terminants formed from di's - -  second differences from ri's. If distribution law of r;'s was Gaussian, 
then obviously this would be the case for d/s. However, even if r /s  are distributed uniformly in 
[ -1,  1], distribution law of d~'s is very much Gaussian-like, though values of the latter are within 
[ -4,4] and not (-cxz, cxz); see Fig. 1. 
To find a distribution of zeros of K,_l(Z), one has to study first distributions of its coefficients. 
This is a task which we do not undertake here, but give only short discussion of K,_l(Z) and give 
results of numerical experiments for few low values of n. 
Looking at (7) we see that 
Kn- I (Z )~-  ~0 -- ~'1Z + 1£2 Z2 . . . .  l£n-I Zn- l ,  
where 
1£ i = 
d2n-I "'" d2 ._ ,  d2n-* -2  "'" d .  
d.+2 "'" dn-i+3 dn-i+l ' ' '  d3 
dn+l ' ' '  dn-i+2 dn-i ' ' '  d2 
(10) 
(11) 
For odd values of n, the mean values of x's are different from zero and certainly grow with n, 
and numerical experiments how that their distributions are asymmetrical (see Fig. 2); therefore 
they do not seem to approach Gaussian distributions as n ~ c~. This situation is not very strange, 
because x's contain products of growing number of random variables and distributions of products 
are singular. 
Even worse, zeros of Froissart polynomial depend on ratios xi/xn-~ and as sets of values of x's 
contain zero, coefficients of normalized Froissart polynomial (divided by x,-1) do not have finite 
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0 1 2 3 
Fig. 1. Distribution of d,. = ri - 2ri-1 + ri-2. In this case one can easily find the exact formula 
q~(d) = { 
(x2/4 + 2x + 4)/8, --4~<x~<--2, 
(2 - x2/4)/8, -2  <.x <~ 2, 
(x2/4 -- 2x + 4)/8, 2~<x~<4. 
moments. An example of a distribution of a coefficient of the normalized Froissart polynomial can 
be found in Fig. 3. 
It is generally expected that for n ~ cx~, Froissart doublets hould approach unit circle [3-5] - -  
the necessary condition for which is that zeros of Froissart polynomial approach unit circle in this 
limit. We demonstrate below that this behaviour seem to appear even for low values of n. 
A product of all roots of Froissart polynomial is ±Xo/x,_l and we can consider 
KO 1/(n-1) 
Pn-1 = I Kn-----~l ] 
as a generalized geometric mean of modulae of roots of Kn_  1 . We generated istributions of p; 
for i = 1,..., 7 and the results are shown in Fig. 4. We see that the distributions become narrower 
and narrower and their maxima approach 1 - -  we remind however that the mean value of Pi is 
infinite. 
At this point we formulate the following conjecture: 
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Fig. 2. Distribution of x~ 4), i.e., term at x 2 in K4(g) (K4,2 in our notation) appearing for [4/5] PA. 
To show that such a distribution of roots of  K,_~(z) is in an agreement with a behaviour of  its 
coefficients, at least for small n, let us turn our attention to l (n_2 / l~n_  1 . As these ~:'s appear with 
different signs in (10), the ratio is a sum of all roots ofgn_ l (Z  ). We conjecture that the roots coalesce 
at points (i, i = 1, . . . ,  n - 1, such that (~ = 1 and we can therefore write them as zi = (i + ~i. Our 
conjecture means that ,-1 ~i=  (i = - 1. To check it we consider a distribution of  (x,-2/~c,_1 + 1 ) / (n -  1 ), 
i.e., of  an average deviation of  zi's from (i's, assuming that the latter sum to -1 .  
As we can see from Fig. 5, such average deviations concentrate more and more tightly around 
zero, as n increases. Similar numerical observations can be made for other coefficients. 
Interesting conclusion can be found when we assume that ri's have Gaussian distributions. Then 
d~'s have also Gaussian distributions, and moreover, i f  we assume that all distributions of r~'s have 
the same width, then a distribution of roots of K~_~(z) does not depend on this common value. The 
reason is that roots depend on ratios Xl/X,-1, /=0  . . . .  ,n -  2, and x's are homogeneous functions 
of r~'s. Therefore, by calculating distributions of  these ratios, we can absorb the width in ri's by a 
change of variables and make it disappear from the formula. 
We remark here that the above observations do not prove that roots of  K , - i  approach unit circle 
when n--~ c~, though K~_I looks like a denominator of  [n /n -  1] to a series with coefficients d~ 
(see (7)), and the similar series was considered in [5]. The difference is that di's are correlated, 
while ri's from [5] were independent. 
J. Gilewicz, M. Pindor l Journal of  Computational nd Applied Mathematics 87 (1997) 199-214 
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0.25  
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Fig. 3. Distribution of"  (4)/. (4) i.e., K4,2/K4,4 appearing in [4/5] PA. This, and the distribution from Fig. 2, were obtained r~ 2 /r~ 4 , 
by generating 107 sets of  ri's (r0, rl . . . . .  rg) and distributing calculated quantifies over 128 intervals. 
4. Pole near z = 1 
We have shown above that [n - 1/n]f has a pole, not accompanied by zero, at a distance of  order e 
from z = 1. It is interesting that one can easily find first term in an expansion of  this distance in 
orders of  e. 
To this end let us write [n -  i /n] in the following form: 
Pn- l ,n - l (e ) (Z  -- Zp, l ( /3) ) . . .  (Z -- Zp, n_l(F,)) 
[n - 1/n]f(z;  e) = q . , . (e ) (z  - Zo(e))(z - Zq, l (8 ) ) . . .  (z  - Zq,n_l(F.))' 
where zp, i and Zq, i, i = 1 , . . . ,  n -  1, are zeros of  numerator and denominator forming Froissart doublets 
and z0 is the pole of  [n - 1/n] approaching z = 1 when ~ ~ 0. p. -1, . -1 and q.,. are coefficients at 
highest powers of  z in the numerator and denominator. If we also write z0 = 1 + e~.-1 + O(e 2) we 
can see that 
[n -- 1/n]f(1; e) = Pn- l ,n - l (O)  + 0(~0 ) 
-~eq. , . (O)  
and it can easily be checked that p . -1 , . -1 (0 )= q.,.(0). 
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~, !', r=7 . . . . . .  
,! . . .~ :.,'/ ". '!: 
,, i ~ t: 
~.l :." ~. "~', 
~'// \ ~ ~: 
i/ / ~ ~ ~: / \',~ 
I; "... r, 
.. ,, -~ 
," ,, ~.~ 
.tL,' ',, \'~ 
1!'... f --., ,,,,~ 
,'~ "',, ",A ,~.,'1 , '  ,,~. 
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.t" .;~ 9 - Y\ ,," /7 ,:' ,,,t\ 
/ " /  / / / ; . '  ~ ".:,'k:.~. 
0 0.5 1 1.5 2 2.5 
F ig .  4 .  D is t r ibut ions  of (l£(Or)/~r)) l/r fo r  r = 1 . . . . .  7 .  
On the other hand, looking back at (9) we see that 
K._ I (1)  
[n  - 1 /n ] f (1 )  - ~ + O(e °) 
eQ. (1)  
and we finally conclude that 
e Q. (1 )  z0 = 1 - K._--_-~-) + ° (~)  
or expressing (Xn_ 1 directly by r i ' s  (and d /s ) ,  
O~n_ 1 =( -1 ) "  
r2n- -  1 - -  ~ '2n- -2  " " " rn  - -  t 'n -  1 
1-. - r._~ . . -  r~ - ro 
° ° ° 1 
d2.-1 "'" d. 
dn+l ' ' '  d2 
(12) 
(13)  
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1 .5  
I I I 
l i l  
r 
t i 1 
i~ .~ 
;i " '~ .' 
r--1 
r=2 . . . . .  
r=3 . . . . . .  
r=4 ........... 
r=5 . . . . .  
r=6 . . . . .  
0.5  '~; ~ ~.\  ' ' ,  
,;57. , 
0 I I 
-2 -1 .5  -1 -0 .5  0 0 .5  1 1 .5  
(.  (r) 1. (r) 1 ) / r  fo r  1 . . . . .  6 .  Fig. 5. Distributions of  ~r_l/,~r + r= 
We see that, if ri's are distributed symmetrically around 0, so is ~,_~; however it has again infinite 
mean, because a determinant in the denominator can be zero. 
We have plotted in Fig. 6 distributions of ~i for i = 1,. . . ,  7. We observe that these distributions 
became better and better concentrated around 0, which means that z0 can be found in a given disc 
around 1 with growing probability, or for a given probability it can be found in a smaller and 
smaller disc around 0. In this sense, PAs are an effective filter of a noise of series (1) - -  with a 
given size of errors of coefficients, taking more and more terms of the series (1) we can determine 
the pole of f better. 
5. Other Pad~ approximants 
Let us now consider approximants [n + k/n] k ~ - 1. In this case there will appear noise-induced 
zeros of numerator (or denominator) that cannot be coupled to zeros of denominator (or numer- 
ator) to form Froissart doublets, they neither correspond to zero (there is none) or singularity of 
the original function. Now we have to use general formulae for numerators and denominators 
210 J. Gilewicz, M. P indor l Journa l  o f  Computat ional  and Appl ied Mathemat ics  87 (1997)  199-214 
25 
20 
15 
10 
0 
-0.5 
r=l m 
ili r=2 . . . . .  
[i! . . . . . .  r--4 ........... 
"/ i"., 
,,'- ..i:. 
. . . . . . .  ~ .  ~ ~ ~. .~_  -. -.  a . - . -~  . -  7 -----'- .S-= t -'.:.7.;..'.-'.-'-.'----" I . . . .  i . . . .  I . . . . . . . . .  '-.:-'--~.:: .~  - ' - ' -~ ' -  7 -------1 -- r ~ . . .  - - -~ .  - n . . . . . .  
-0.4 -0.3 -0.2 -0.1 0 0.1 0.2 0.3 0.4 0.5 
Fig. 6. D ist r ibut ions o f  ~r for r = 1 , . . . ,4 .  
of PAs: 
n+k,n . 
P~+k (Z,  ~)  = 
Q"+~'"(~; ~) = 
n+k n+k--1 k+l 
~-~ Ci Zi y~ c iz i+l  . . . ~ '~ - - i+n-2 
2..~ u iz  
i=o i=o i=o 
C2n+k C2n+k-1 . . .  Cn+k+ 1 
Cn+k+l Cn+k . . .  Ck+ 2 
1 z z 2 . . .  z n-1 z n 
C2n+k C2n+k-1 . . . . . .  Cn+k+ 1 Cn+k 
Cn+k+l Cn+k . . .  Ck+ 2 Ck+l 
k 
~-~ C.Z n+i l 
i=0 
Cn+k 
Ck+ 1 
(14) 
(15) 
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To save reader's eyes, we skip superscripts. One should keep in mind that all symbols for poly- 
nomials and their roots, used below, should have these superscripts: n + k, n. 
Instead of demonstrating necessary transformations for general k, and presenting obscure, practi- 
cally unreadable, formulae, we examine the case k = 0 (i.e., we study [n/n]f) and leave the rest to 
the reader's imagination. 
Transformations analogous to the ones in Section 2, lead to the formula 
zn(m + ~2b) + Kn_l(Z) + s/3.-l(Z) + ~2~n-a(Z ) 
[n/n]f(z; s) ---- (1 - z)K._a(z) + eQ.(z) (16) 
Kn-l(Z) and other polynomials in the formula above are however different from those in (9), e.g., 
gn_ l (Z )  = 
1 z • • • z n-I 
d2n d2n-1 " "  dn+ l
dn+2 d.+l "'" d3 
(17) 
We see that the denominator has one root at a distance of order e from z = 1 and n - 1 roots at 
distances of order e from roots of Kn-l(Z). What concerns the numerator is that it also has n -  1 
roots separated by distances of order e from those of Kn_l, but it has also one root (denoted z,, 
below) at a distance of order 1/~ from the origin. It is not very difficult to find a coefficient at 1/e 
in a position of this root. Obviously, if we write Zn = fl,/e + O(~ °) then 
i n  - -  Kn - l 'n -1 ,  
a 
where a is defined in (16) and Kn_l,n_ 1 is a coefficient at Z n-1 in Kn_l (Z ). Finally, we get 
d2n d2n-I "'" d.+2 
a2n-i a2.-2 " "  an+l 
dn+2 dn+m "'" d4 
Zn=(__l)n+l (1 )+ O(~0). (18) 
d2n d2n-1 . . .  dn+ 1 
a2.-1 a2.-2 "'" dn 
dn+l d. "'" d2 
This result can be understood in the following way: 1/(1 - z )  has zero at z = cx~ and zn is just the 
zero of [n/n]f(z; ~) that approximates the former - -  analogously to the way in which z0 approximates 
the pole of 1/(1 - z ) .  
Distributions of fin for n = 1,..., 10 are shown in Fig. 7. We see that they concentrate around 0 
rather weakly and probably converge to some limit for n--~ c~. 
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Fig.  7. Distr ibut ions o f  fl~ for r = 1 . . . . .  10. 
In the same way one can show that [n + k/n]f(z;8), k>- i  has k + 1 zeros at a distance of  
order 1/e from the origin, balancing a pole of  order k - 1 at z = c~ which In + k/n]f has there. 
It has also n -  1 poles and zeros forming Froissart doublets and one pole at a distance of  order e 
from z = 1. 
Entirely analogous transformations of  formulae (14) and (15) for k - -  -2  gives 
[n-2/n]f(z;e)= 
zn(ae + be 2) + (1  - z)K._2(z) + eQ.(z) 
This time 
1 Z • • • Z n -2  
d2n_ 2 . . . . . .  d n 
Kn-z (Z)  = . . . . . .  
dn+l . . . . . .  d3 
Again we see that there are n - 2 pairs of  zeros and poles of  [n - 2/n]f at distances of  order e 
from roots of  Kn_2(z), one pole at a distance of  order e from 1 and one pole at a distance of  order 
1/e from origin. In analogy with the case k = 0, we can explain the appearance of  the latter by the 
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fact that 1/(1 - z )  has at infinity zero of order 1 while [n -  2/n]f has zero of order 2 there. The 
extra pole is there to compensate he double zero of the approximant. 
It is straightforward to see that for k<-2  there will appear, in denominators of [n + kin]f, 
additional terms with higher powers of z, but with coefficients of order e, and therefore there will be 
more and more extra poles at positions of order l/e, while there will remain n -  2 Froissart doublets 
and the pole near z = 1. 
6. Summary 
We have demonstrated that random perturbations of coefficients of geometric series lead to a very 
peculiar behaviour of Pad6 approximants o such series. Namely, in agreement with speculations 
based on many numerical experiments, there appear pairs of poles and zeros separated by a distance 
of order of a scale of perturbations - - Froissart doublets. Moreover, there is always a pole in a 
neighbourhood of the true pole, separated by a distance of order of the scale of perturbations, and 
approaching this latter pole with a growing probability when more and more terms of the series 
are used. Though we have not shown this latter behaviour generally, however we have indicated 
numerically this tendency for few low PAs. We have expressed the shift of the pole of PAs (to 
perturbed series) with respect o the position of the true pole (at z = 1), by perturbations of coef- 
ficients. Therefore, it is possible to study a distribution of the shift for large orders, although it is 
not completely trivial, because, in any order, this distribution does not have finite moments. 
In the same spirit, we have found a polynomial (Froissart polynomial) that has as its roots 
limits of positions of members of Froissart doublets when the scale of perturbation converges to 
zero. A preliminary numerical study of this polynomial, for few low PAs, confirms expectations 
that Froissart doublets would, with growing order of PAs, coalesce at unit circle. Moreover, we 
formulated a conjecture that roots of the Froissart polynomial of degree r, coalesce at (r + 1 )th roots 
of unity, except 1. We have shown numerically, for few low n's, that this conjecture is supported 
also by a behaviour of a coefficient at z r-1 in this polynomial. We also find a strong aesthetic appeal 
in the conjecture. 
Froissart polynomial is also very useful for numerical experiments because, calculating its coef- 
ficients we avoid tremendous cancellations - - observe that, e.g., for [n -  l/n], coefficients of Pn-~ 
and Qn were of the order E n-~, while coefficients of the series (1) from which the former are calcu- 
lated are of order 1. By calculating coefficients of Froissart polynomial we get rid of e completely. 
Moreover, when we look at (7) we immediately recognise that it has the form of a denominator f 
[n/n- 1] PA constructed from a series with coefficients d2 through d2n-~ and therefore to calculate 
Froissart polynomial, we can conveniently use any of the numerous algorithms. 
Finally, we have also shown that extra poles or zeros of PAs to the series (1), that have to appear 
if difference of degrees of a denominator and of a numerator of a given PA is not exactly 1, are 
placed at a distance of order 1/e from the origin. 
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